We present quantum dynamics calculations of the diffusion constant of H 2 and D 2 along a single-walled carbon nanotube at temperatures between 50 and 150 K. We calculate the respective diffusion rates in the low pressure limit by adapting well-known approaches and methods from the chemical dynamics field using two different PES to model the C-H interaction. Our results predict a usual kinetic isotope effect, with H 2 diffusing faster than D 2 in the higher temperature range, but a reverse trend at temperatures below 50-70 K. These findings are consistent with experimental observation in similar systems, and can be explained by the different effective size of both isotopes resulting from their different ZPE.
The reason for this is twofold: first, the obvious economical interest of hydrogen, which is regarded as a potential fuel for the near future, much more efficient and environmentally sustainable than current fossil fuels. However, its low density makes its storage in conventional devices highly inefficient, and this has pushed the research towards the study of novel devices to make the storage and transport feasible (See Ref. 11 and references therein). Secondly, hydrogen stands as an interesting molecule itself due to its low mass, which makes quantum effects much more highly noticeable and important than in the case of heavier atoms. A specially interesting effect appearing when these molecules are confined in nanostructures is the so-called quantum sieving, a large difference in the adsorption properties of two isotopologues due to their different zero point energy (ZPE). This effect has been posited as a potential separation method between hydrogen and deuterium molecules. 17, 27 Inspired by this discovery, several theoretical works have been performed studying the dynamics of a hydrogen molecule in different nanometric cavities such as carbon nanotubes, 23 zeolites 32 the separation of isotopologues. Although the quantum sieving effect on carbon nanotubes has been previously studied by several groups from a stationary point of view, 23, 38 focusing on the selective adsorption of D 2 in front of H 2 , a simulation of the actual dynamics of the diffusion in these materials at a quantum level is still missing.
In the present work, we make our first attempt to compute diffusion rates of molecular hydrogen inside a carbon nanotube using quantum dynamics approaches. Although diffusion is known to be one of the processes most affected by quantum confinement effects, full quantum simulations in nanoconfined systems are still missing. On the other hand, diffusion has been theoretically studied on heterogeneous gas-surface systems for a long time, and diffusion rates have been calculated with quantum dynamics methods, which provides a solid theoretical ground for similar studies on nanostructures. These methods range from the development of specific master kinetic equations specific for diffusion processes 39, 40 to the adaptation of chemical kinetics formalisms. 41, 42 Thus, our work focuses on the rigorous quantum mechanical calculation of the diffusion rate constant for a single hydrogen or deuterium molecule inside an (8,0) single-walled carbon nanotube (SWCNT) through the adaptation of the work of Zhang et al., who successfully reproduced the experimental behavior of a single H atom on a copper surface using a fully quantum mechanical approach. In addition to this, the comparison of H 2 and D 2 diffusion rates inside carbon nanotubes could provide some additional insight on the sieving mechanism in other devices such as carbon molecular sieves.
The paper is structured as follows. In the first section the theoretical background of the study is described, including the approach used to calculate diffusion rates, an overview of the flux correlation function formalism and the calculation of partition functions. Also, a brief discussion on the model of the system and on the calculation method (the Multiconfigurational Time-dependent Hartree method) is presented. Section 3 is devoted to the discussion of the actual results of the study, focusing on the computed diffusion coefficients.
The selectivity factor for the isotopologues' adsorption is also calculated. Our results are summarized in Section 4, where the main conclusions are drawn.
2 Theoretical Methods
Diffusion rate calculation
The process of the diffusion of a gas in a condensed phase, for low temperatures and low concentration of adsorbate, can be described by a hopping model 43, 44 . In this model, the diffusion rate D(T ) is considered to depend exclusively on the probability of a single molecule crossing from one binding site i to another binding site j:
with k i→j the hopping frequency from site i to j, l ij the distance between binding sites, and d the symmetry number of the system. A parallelism between this model of diffusion and a chemical reaction can be established: in both cases we are concerned with the probability to go from a given thermal equilibrium configuration (reactants) to another (products), being both configurations separated by a potential energy barrier. There are nevertheless differences, one of them being that in diffusion one has several equivalent sites at different distances, while in a chemical reaction one is mainly concerned with one minimum of the potential energy surface (PES). However, as pointed out in Ref. 43 , usually the most important hops occur between adjacent binding sites and Equation (1) can be simplified obtaining:
The problem of diffusion is then reduced to the calculation of the hopping frequency between two adjacent binding sites, k hop . 46 Even though we will use the same basic concepts, our calculation of k hop will rely on the calculation and propagation of the thermal flux operator eigenstates.
Description of the system
The model proposed for describing the diffusion of the hydrogen (or deuterium) molecule along a nanotube consists on a full dimensional representation of a single diatomic molecule, confined in the hollow cavity of a rigid (8,0) carbon nanotube made up from the concatenation of 20 unit cells in order to be able to disregard edge effects. The unit cell's geometry was obtained from a CRYSTAL09 47 optimization using the B3LYP functional and a 6-21G basis set in a periodic model, obtaining a unit cell length and diameter of 8.07 and 12.08 bohrs, respectively. Although the interaction between the structure phonons and the diffusion is known to be an important factor in diffusion, 43, 44 we consider that the frozen structure model is a reasonable assumption for a first approach to the problem.
The system's Hamiltonian is therefore a 6D operator with the form:
where ρ stands for the internuclear distance between the atoms in the diatomic molecule, θ and φ represent respectively the polar and azimuthal angles of the molecular axis with respect to the nanotube's axis, and x, y, and z are the coordinates of the center of mass of the molecule, being z coincident with the nanotube's axis. The 6D PES is given by a sum of Lennard-Jones pair interaction terms between the carbon and the hydrogen (or deuterium)
atoms to represent the dispersion forces, and a Morse potential to take into account the covalent bond in the molecule:
The parameters used to model the covalent interaction are well known (D e = 0.1746 hartree, a = 1.0271 bohr −1 and R e = 1.4 bohrs). Instead, several sets of Lennard-Jones parameters have been used in the past to model the C-H interactions in a nanotube. Among the available Lennard-Jones parameters, we have first selected a set used by us in our recent work, 18, 22, 48 with σ = 2.82Å and = 0.0605 kcal/mol (this potential will referenced as Ref.
PES).
Additionally, motivated by the large differences between the different potentials reported by Garberoglio et al., 38 we have also used a second potential for our calculations.
We have chosen the Frankland-Brenner potential, with σ = 3.08Å and = 0.0549 kcal/mol (FB PES). This potential was employed in Refs 23 and 38, predicting a remarkable quantum sieving.
Relaxed projections of the two potential energy surfaces used in the present work are shown in Figure 1 . The FB PES presents a tighter profile on the x dimension, which is consistent with the higher barriers for both rotation (θ) and diffusion (z). This feature suggests a slower diffusion when using the FB PES rather than the Ref. 48 PES. Note, however, the energy scale of the potential energy cut along the z coordinate, which is of the ordrer of few meV. 
Flux correlation functions and direct rate constant calculation
The methodology used to calculate the hopping frequency in the present work is explained in the present section. Note that atomic units are assumed throughout this section. For a complete discussion on the method in the context of chemical reactions, the reader is referred to Ref. 49 .
The general expression for a reaction rate is given as a Boltzmann thermal average of its cumulative reaction probability (CRP), N (E):
with β = 1/k B T . The calculation of this quantity through direct dynamics methods is based on the correlation function formalism introduced by Miller and coworkers. 46, 50 In the present work we use the approach by Matzkies and Manthe, 51, 52 where the cumulative reaction probability is obtained as:
or, alternatively, as:
In Eqs (7) and (8), f T 0 and | f T 0 stand respectively for the eigenvalues and eigenstates of the thermal flux operator,F T 0 = e −βĤF e −βĤ , andF is in turn the flux operator, defined as:
whereĤ is the system's Hamiltonian, and h is a Heaviside function which separates reactants from products. Note that in Eq (8) the reference temperature of the thermal flux operator is divided by a factor of two. This equation may be used when the same flux operator is employed to obtain the flux eigenstates and analyze their propagation and it implies that, for a value of β = 1/kT 0 we obtain information for temperatures equivalent to T 0 /2. Regarding the Heaviside function, since we do not have a real chemical reaction but a diffusion process, the dividing surface is placed at a value of the diffusion coordinate corresponding to a saddle point of the PES separating two neighbor unit cells. Hence, we arbitrarily define the geometries at one side of this dividing surface as reactants, and the remaining as products.
Then, in order to take into account diffusion on both directions, we must multiply k(T ) by a factor of two in order to obtain the hopping frequency k hop .
Equation (9) can be rewritten in terms of the flux-flux correlation function, C f f (t, t ) =
This quantity and its time integral, the flux-position correlation function, C f p , are central since their shape and limits can be used as convergence criteria for the computation of N (E). In our case, the following scheme has been used to compute a hopping frequency for a diffusion problem:
1. Set a dividing surface at a maximum of the PES along the diffusing coordinate (the nanotube's axis).
2. Calculate the eigenstates of the thermal flux operator on this dividing surface at a given reference temperature, | f T 0 .
3. Propagate the eigenstates and Fourier transform the matrix elements of the flux operator to obtain the CRP. In this step, each flux eigenstate contribution is weighted by its corresponding degeneracy number depending on its rotational parity and whether it is D 2 or H 2 .
Obtain the hopping frequency by thermal averaging of N (E).
In the present work all these steps are carried out using the State-Averaged Multiconfigurational Time-dependent Hartree (SA-MCTDH) method by Manthe 53 using the Bielefeld
Partition function calculation
Once the CRP is obtained, according to Equation (6), the second term needed to calculate a rate constant is the reactant partition function, Q(T ). In order to compute this term we have relied on the assumption of separability of this system 19 into a 1D diffusing degree of freedom (DOF) and a set of five confined DOFs:
The diffusing term in Eq (11) is then evaluated following the standard quasiclassical approximation for translational motion:
where L is the length of the unit cell of the nanotube.
The calculation of the q con (T ) can be carried out either with a semiclassical or a fully quantum approach. Even though the semiclassical approximation is usually considered accurate enough for diatomic molecules, either free or adsorbed on surfaces, for a confined system it is not clear whether this model is reliable enough. For instance, the model relies on the full separability of all the DOFs, which is known to be too harsh an assumption on nanoconfined systems. 18, 22, 23 For this reason, q con is actually calculated as the trace of the Boltzmann operator of the confined 5D Hamiltonian,Ĥ con (ρ, θ, φ, x, y). This operator is equivalent to the one in Eq (3) but fixing the position along z at a -1.36 bohr, corresponding to an energy minimum. In order to take into account the total symmetry of the system with respect to particle exchange, the eigenstates ofĤ con are classified according to their rotational parity and multiplied by the corresponding degeneracy number:
where E e n and E o n stand respectively for the energies of the eigenstates with even and odd parity with respect to rotation, placing the energy origin at the bottom of the PES. As it is discussed in the Results section, a comparison between the semiclassical and quantum partition functions reveals a difference of several orders of magnitude, so the use of the latter is fully justified in the present context.
MCTDH
As mentioned above, the SA-MCTDH method has been employed in the thermal flux eigenstate calculation and corresponding time propagation. In the standard MCTDH method,
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a single wave function is represented as a sum of configurations Ansatz with the form:
where each degree of freedom (DOF) k is represented by a set of low dimensional timedependent basis functions ϕ Table 1 . The details regarding the numerical convergence and the basis used for the remaining calculations are given in the Supporting Information.
Note that the primitive grid is maintained in all sets of thermal flux eigenstates calculation and propagation, but the number of SPFs changes. This is particularly noticeable in the z coordinate, associated to the diffusion motion. A Complex Absorbing Potential (CAP) was placed at both edges of the z coordinate grid, with a length of 9 bohr, to avoid aliasing during the propagation step.
It is worthwhile pointing out that the grid on the z coordinate is large. This is done in order to allow a good description of the dynamics before the wave packet is absorbed by the CAP. This differs from the work in Ref. 41 , where the CAP was placed just in the first minimum after the dividing surface, thus making an uncorrelated hopping approximation somewhat equivalent to a classical TST. A Fourier transform of the flux-flux correlation function yields the Cumulative Reaction Probability, N (E), (see Eq. (7)). This function is plotted as a function of the total energy for the hydrogen and deuterium systems in Figures 4 and 5 , respectively. The total cumulative reaction probability, in the darkest color at each figure, increases gradually starting from a certain energy threshold. At first glance a higher energy threshold is identified in the case of H 2 diffusion with respect to D 2 . However, given the low energy barrier ( adsorption and diffusion inside a ρ zeolite.
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Another difference between both systems is the rate of increase of N (E), which is steeper for D 2 than for H 2 . This issue can be explained by decomposing the total CRP into in- fact can be explained by the different ZPE resulting from both approaches: to calculate a semiclassical partition function, one relies on the full separability of the system. Considering this assumption, the total ZPE is the sum of the vibrational ZPE and the ZPE appearing due to the confining potential in x and y, which, in our case, is modeled as a harmonic oscillator.
However, as it is seen in Figure 1 , the potential along x and y is significantly anharmonic. In addition to this, as it was reported by one of us, 22 the coupling between the rotational and translational degrees of freedom has a relevant effect on the ZPE of a nanoconfined system.
These differences are enough to significantly change the value of the partition function at low temperatures, and for this reason only the results obtained with the quantum approach are shown hereafter.
After thermal averaging the CRP to obtain the hopping probability, diffusion rates are obtained for both H 2 and D 2 according to Eq (1). The results are shown in Fig. 8 as an
Arrhenius plot. The data obtained at three reference temperatures using Eqs (7) and (8) is merged in order to span a broader temperature range from 50 to 155 K. No attempt has been made to go below this temperature, since it is expected that intermolecular interactions become increasingly important below this point. Additionally, the same diffusion rates have been calculated using Transition State Theory, obtaining similar results to those calculated by rigorous quantum dynamics. The TST results can be found in the Supporting
Information.
Similarly to what has just been discussed, we have computed the corresponding parti- Table 2 , show that this activation energy is higher for H 2 than for D 2 for both PES studied. This supports our discussion on the reaction probability plots and the corresponding adiabatic energy barriers.
As a consequence of this difference in E a , a reverse kinetic isotope effect appears at low Figure 9 as a function of temperature, for both PESs object of study. This function evidences an increasingly faster D 2 diffusion with respect to H 2 as the temperature is lowered, At this point it is interesting to consider again the selective adsorption mentioned in the introduction. The quantum sieving effect between isotopologues has been traditionally related with the selective adsorption of the heavier species (D 2 ) over the lighter (H 2 ) due to the difference in ZPE for both species. 17, 23, 38 This magnitude is represented by the selectivity factor, S 0 , defined as a ratio of equilibrium constants for the adsorption process of both species implicated:
We have calculated this quantity using our partition functions as explained before. The resulting selectivity factor is shown in Figure 10 Focusing on the FB potential, our S 0 is in good agreement with the one reported by Lu et al..
The difference at lower temperatures can be related with the different Hamiltonian model used: while they considered a 4D Hamiltonian, freezing the internuclear distance, we treat all DOFs, thus allowing all couplings to appear. Additionally, the slightly different structure of our optimized nanotube with respect to the one used in previous works may lead to subtle changes in the global PES, further explaining the differences between our calculations.
Summary and conclusions
In the present work we have calculated the diffusion constant for two isotopologues of molecular hydrogen (H 2 and D 2 ) inside a SWCNT using, for the first time, full-dimensional quantum dynamics methods within the single hopping and rigid structure approximations. Two different sets of LJ parameters have been used to model the H-C interaction potential. The diffusion constants obtained by quantum dynamics are similar regardless of the PES used, even though the electronic barriers for diffusion differ by a factor of 4. The general trend is a faster self-diffusion of H 2 in front of D 2 at high temperatures, with this tendency being inverted below 60 K. This difference can be explained in terms of the activation energy, which is higher for hydrogen, in part due to its larger effective size resulting from a higher The full quantum dynamics formalism used here provides reliable results and gives insight of the diffusion process of light molecules and its isotopologues with valuable detail.
Investigation should be now focused on the improvement of the interaction model between the nanotube and the confined molecule, in order to see further effects.
Graphical TOC Entry
H 2 D 2
